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We propose a scheme, based on ∆(27) flavor symmetry and supplemented by other discrete symme-
tries and inverse seesaw mechanism, where both the light neutrino masses and the deviation from
tri-bimaximal mixing matrix can be linked to the source of lepton number violation. The hierarchies
of the charged leptons are explained. We find that the quark masses including their hierarchies and
the mixing can also be constructed in a similar way.
The convincing evidence of small but non-vanishing
neutrino masses calls for an explanation from a natu-
ralness point of view. It actually points to the exis-
tence of new physics beyond the electroweak scale (v).
There exist several scenarios to explain this smallness of
neutrino masses. Among them, perhaps the most well-
studied one is the conventional type-I seesaw mechanism
[1]. In this mechanism, the smallness of neutrino mass
(mν) can be obtained in an economic way at the ex-
pense of introducing heavy right handed (RH) neutrinos
(νR). For values of Yukawa couplings involved (Yν) of
order unity, the mass scale of νR (MR) turns out to be
near the grand unified scale or so through the relation
mν = −mDMR−1mTD, where mD = Yνv. Although in-
teresting, such a large scale is beyond the experimental
reach.
In this regard, the inverse seesaw mechanism [2–4]
offers an interesting resolution through a double sup-
pression by the new physics scale M through mν =
mDM
−1µMT
−1
mTD. With a small mass scale µ (of or-
der KeV to few hundred MeV), a relatively low new
physics scale (accessible to LHC) associated with M re-
sults. However the main caveat of this scenario is to
understand the smallness associated with µ or in other
words, how it is generated. Note that in case of type-
I seesaw, the lepton number violation (LNV) happens
through the majorana mass term of the RH neutrinos,
which is quite large. Contrary to this, in case of inverse-
seesaw, it happens via the µ term which is a tiny scale
while compared to the electroweak scale. As the lepton
number is only an approximate symmetry of nature, it
would be more natural to break it by a small amount
rather than by a mass term like MR, which is very large.
It can also be argued from the sense of ’t Hooft [5], just
because in the limit µ tends to zero, the mν goes to zero
and LNV vanishes so that the symmetry is enhanced.
In this letter, we explain the desired smallness of µ-
term in a flavor symmetric framework. We consider the
presence of a ∆(27) flavor symmetry which is supple-
mented by additional Z4×Z3 discrete groups. The struc-
ture guarantees the non-appearance of the µ-term in the
tree level Lagrangian. In fact, it allows the µ-term to
be generated only through a significantly higher dimen-
sional operator and thereby suppressing the correspond-
ing interaction by some nonzero powers of the cut-off
scale (Λ) of the theory. There are flavon fields, whose
vacuum expectation values (vev) would break the flavor
symmetry and thereby generates a specific structure of
µ and other mass matrices like neutrino Dirac mass ma-
trix (mD), charged leptons etc. We will elaborate more
on this as we proceed. In addition, we assume a 2-3
flavor symmetry as an additional symmetry of the La-
grangian (particularly for the lepton sector). The only
place where this 2-3 symmetry will be broken is in the
vev alignment of a single flavon field (σ) responsible for
generating the µ term. The vev of all other flavons re-
spect the 2-3 symmetry. So, in a way our framework
suggests a unified source (through µ term only) of break-
ing the 2-3 symmetry and lepton number violation. It is
known [6] that a breaking of 2-3 symmetry may indicate
a deviation from tri-bimaximal mixing in the neutrino
sector. Therefore in this work, we argue that the specific
structure obtained for µ not only can explain the small
masses of light neutrinos, but also accounts for the de-
viation from an exact tri-bimaximal mixing by having a
nonzero θ13 at the same time.
In realizing the above goal, the fermion field content
of the Standard Model (SM) is extended by adding three
right handed neutrinos νRi (for i = 1, 2, 3), three SM
gauge singlet fermions Si which have lepton number op-
posite to that of the νRi . In addition, the scalar sector
is extended by adding a set of flavons that break the fla-
vor symmetry around few TeV scale or more. In [6], it
was emphasized that both quark and lepton masses and
2Fields ℓi ERi νRi Si H χ σ η1 η2
∆(27) 3 3 1i 3 11 3 3 11 12
Z4 1 -1 i -1 1 -i -i −1 1
Z3 1 ω
2 ω ω 1 ω2 ω2 ωi 1
L 1 1 1 -1 0 0 1/2 0 0
TABLE I: Field transformations under ∆(27) , Z4 and Z3.
Here i = 1, 2, 3 refer to the generation indices. L stands for
the lepton number.
also their mixing angles can be simultaneously accommo-
dated in a framework of ∆(27) based on the type-I see-
saw mechanism. Here also we have considered the quark
sector. We have constructed both the up-type and down-
type quark mass matrices so that an acceptable Cabbibo-
Kobayashi-Maskawa mixing matrix (VCKM ) can be ob-
tained. In realizing the VCKM , we have employed only
one additional flavon apart from those are already in-
volved in the lepton sector.
It turns out that the ∆(27) symmetry alone is not
enough to restrict all allowed Yukawa interactions that
could lead to consistent mass matrices, additional Z4×Z3
symmetries are also imposed as mentioned in Table I. χ
and σ are the ∆(27) triplet flavons and η1 is the singlet
flavon field. The relevant terms in the Lagrangian for
neutrino mass which are consistent with the symmetries
considered above are given by
L = h
k
ij
Λ
ℓ¯iH˜νRjχk +
fkij
Λ5
S¯ci Sjσ
4
kη
2
1 + g
k
ij ν¯
c
Ri
Sjχ
†
k. (1)
Here i, j are the flavor indices while k refers to the kth
component of ∆(27) triplet flavon field only. Once the
χ and σ fields obtain vevs, ∆(27) symmetry is broken.
This breaking leads to specific flavor structures for the
heavy mass matrix M = g〈χ〉 and the µ-term µ =
f〈σ〉4〈η1〉2/Λ5, where the flavor indices are suppressed
for simplicity. Each of these are 3 × 3 mass matrices.
Note that the second term in Eq.(1) is highly suppressed,
thereby has the potential to explain the smallness asso-
ciated with the µ-term in an inverse seesaw framework.
The electroweak symmetry breaking thereafter results in
the Dirac neutrino mass term: mD = h〈χ〉〈H〉/Λ. Hence
the neutrino mass matrix, in the basis {νcL, νR, S}, is
given by
Mν =


0 mD 0
mTD 0 M
0 MT µ

 , (2)
which is a 9× 9 matrix. It can be noted a term involving
the operator ℓHℓH (which could contribute to the 11
block of Mν) is absent in our set-up upto dimension-9
with the symmetries we considered.
At this moment, a discussion about the 2-3 symmetry
over the flavor or generation indices would be pertinent
here. It is well known [7], [8] that with a 2-3 symmetry,
tri-bimaximal mixing can be achieved at the zeroth or-
der. We have also considered this 2-3 symmetry for the
lepton sector on top of the discrete symmetries listed in
Table I. Therefore particles transform as f1 ↔ f1 and
f2 ↔ f3 with fi stands for ℓi, χi, σi, Si and νRi . This
choice further simplifies the structure of mD, M and µ
which will be discussed later. Regarding the vevs of the
triplets involved in the model, we have chosen a specific
alignment as
〈χ〉 = (vχ, vχ, vχ), 〈σ〉 = (0, vσ, 0). (3)
Our choice is governed by the fact that it breaks both
the ∆(27)(≡ Z ′3 × Z
′′
3 × Z
′′′
3 ) and the 2− 3 symmetry as
well. One can easily see that 〈χ〉 breaks Z ′3 × Z
′′
3 subset
of ∆(27), while 〈σ〉 breaks Z ′′′3 × 2 − 3 symmetry. We
will show that this small breaking (as µ is small) of 2-3
symmetry allows to have non-zero θ13 in our framework.
In order to analyze the vevs of the triplets σ and χ,
we consider the most general scalar potential invariant
under the symmetries considered, which is given by
V = m2σ(σ
†σ) +m2χ(χ
†χ) + λσ(σ
†σ)(σ†σ)
+ λχ(χ
†χ)(χ†χ) + κ
[
(σ†σ)(χ†χ) + (σ†χ)(χ†σ)
]
, (4)
where κ > −2√λσλχ and λσ, λχ ≥ 0, so that the po-
tential is bounded from below. For simplicity we assume
universal coupling for the last two terms in the above
potential. In general this potential contains several free
parameters (masses and couplings). These plenty of free
parameters allow all type of patterns of non-zero vevs
of σ and χ. Once we restrict ourselves with the partic-
ular vev alignments of χ and σ as given in Eq.(3), the
following non-zero vevs are obtained:
v2χ = −
1
4
[
2κm2σ + 3λσm
2
χ
]
[4κ2 + 9λχλσ]
, v2σ =
1
2
[
2κm2χ − 3λχm2σ
]
[4κ2 + 9λχλσ ]
. (5)
We assume that the vev’s of χ and σ are all of the same
order and satisfy the following relation
vχ
Λ
∼ vσ
Λ
= u
Λ
∼
O(λ2C) where λC is the Cabibbo angle, i.e. λC ∼ 0.22.
We now analyze the detailed flavor structure of the
block matrices involved in Mν . From Eq. (1), one finds
that the Dirac neutrino mass matrix mD can be con-
structed from the following invariants terms:
1
Λ
h1(ℓ¯1χ1 + ℓ¯2χ2 + ℓ¯3χ3)νR1H˜,
1
Λ
h2(ℓ¯1χ1 + ω
2ℓ¯2χ2 + ωℓ¯3χ3)νR2H˜,
1
Λ
h3(ℓ¯1χ1 + ωℓ¯2χ2 + ω
2ℓ¯3χ3)νR3H˜,
3where hkij is written as hk only. Thus, after the flavor
symmetry breaking, the following Dirac neutrino mass
matrix is obtained
mD =
u〈H〉
Λ


h1 h2 h2
h1 ω
2h2 ωh2
h1 ωh2 ω
2h2

 , (6)
where h2 = h3 is considered due to the presence of 2− 3
symmetry in the Lagrangian. Similarly, the matrix M
takes the form
M = u


g1 g1 g1
g2 ω
2g2 ωg2
g2 ωg2 ω
2g2

 . (7)
Finally, the mass matrix µ is given by
µ =
u6
Λ5


0 0 f2
0 f1 0
f2 0 0

 , (8)
where 〈η1〉 is assumed to be of order u. Note that the
2− 3 symmetry is violated only by 〈σ〉 , which would be
the source of deviation from tribimaximal mixing pattern
as well in the lepton sector.
The diagonalization of Mν mass matrix leads to the
following light and heavy neutrino masses respectively:
Mνl = mD (M µ
−1 MT )−1 mTD, (9)
MνH =Mν′H =
√
M2 +m2D. (10)
It is now clear that the light neutrino masses can be of
order eV, with a TeV scale M provided µ ≪ mD,M .
We will show that with the charge assignments we have
considered, the charged lepton mass matrix comes out
to be a diagonal one. Therefore the light neutrino mass
matrix Mν must be diagonalized by the physical neu-
trino mixing matrix UPMNS , i.e., U
T
PMNS Mνl UPMNS =
diag(m1,m2,m3). Since µ matrix is generated by 〈σ〉,
which violates the 2-3 symmetry whilemD andM are 2-3
symmetric, the deviation of UPMNS from tri-bimaximal
mixing is proportional to the size of µ, which is quite
suppressed. A discussion regarding the lepton number
is appropriate here. We have considered the entire La-
grangian to respect the lepton number. However, σ hav-
ing a nonzero lepton number, while gets a vev, the lep-
ton number is broken and in turn generation of neutrino
masses results.
We define the parameters which characterize the de-
viation of mixing angles from the tri-bimaximal values
as
D12 ≡ 1
3
− s212, D23 ≡
1
2
− s223, D13 ≡ s13, (11)
where sij ≡ sin θij . The tri-bimaximal mixing matrix
corresponds to neutrino mass matrix that satisfies the fol-
lowing three conditions [9]:(Mνl)12 = (Mνl)13, (Mνl)22 =
(Mνl)33, and (Mνl)11 + (Mνl)12 = (Mνl)22 + (Mνl)23.
Therefore, the deviation of tri-bimaximal mixing matrix
can be written in terms of the deviation parameters D23
and s13 as follows:
∆1 = (Mνl)12 − (Mνl)13 =
√
2
3
[
(2m1 +m2)e
2iδ − 3m3
]
s13e
−iδ +
2
3
(m2 −m1)D23,
∆2 = (Mνl)22 − (Mνl)33 =
2
√
2
3
(m2 −m1)s13eiδ + 1
3
(m1 + 2m2 − 3m3)D23, (12)
where mi is the physical neutrino mass and δ is the
leptonic Dirac phase. However, for simplicity, we set the
Dirac phase to be zero. In our model the deviations from
TBM conditions can give constraints on our parameters
(couplings and VEVs) in order to get the correct mixing
angles and desired scenario of mass spectra. From
Eq. (9), one can write the equations above in terms of
the model parameters
∆1 = −h2〈H〉
2(−f1g2h1 + f2g2h1 + f1g1h2 + 2f2g1h2)u4
3g1g22Λ
5
,
∆2 =
h2〈H〉2(2f1g2h1 − 2f2g2h1 + f1g1h2 + 2f2g1h2)u4
3g1g22Λ
5
.
(13)
From Eqs. (12) and (13) we can calculate the deviation
from TBM parameters
4s13 = −〈H〉
2h2 [(f1 − f2)g2h1(5m1 − 2m2 − 3m3) + g1h2(f1 + 2f2)(m1 − 4m2 + 3m3)]u4√
2g1g22(2m
2
1
− 13m1m2 + 2m22 + 9(m1 +m2)m3 − 9m23)Λ5
,
D23 =
3〈H〉2h2 [2(f2 − f1)g2h1(m1 −m3) + (f1 + 2f2)g1h2(−m2 +m3)] u4
g1g22(2m
2
1
− 13m1m2 + 2m22 + 9(m1 +m2)m3 − 9m23)Λ5
. (14)
From these expressions, one can easily see that both the
sin θ13 and the D23 are proportional to µ/u
2. Therefore
in the limit as µ tends to zero, s13, D23 as well as the
neutrino mass vanish.
As shown in Fig. 1, we can tune the involved parame-
ters to get s13 and D23 within their experimental limits:
0.137 ≤ s13 ≤ 0.158 and −0.144 ≤ D23 ≤ 0.115 [10].
Here the cut-off scale is fixed at Λ = 107 GeV and the vev
u ≃ O(100) TeV. The couplings involved in the mD, M ,
and µ matrices, although tuned, are considered to be of
order unity. The allowed regions are consistent with the
neutrino oscillation parameters [10] as well as satisfy the
cosmological bound on sum of the light neutrino masses
[11].
The charged lepton Yukawa Lagrangian, invariant un-
der the symmetries considered, is given by
Ll = λ1
Λ
ℓ¯HERη1 +
λ2
Λ2
ℓ¯HERη1η
†
2
+
λ3
Λ2
ℓ¯HERη1η2, (15)
where the charges of η2 under the discrete symmetries
are specified in Table I. The Lagrangian indicates that
the charged lepton mass matrix is diagonal. The charged
lepton masses are therefore given by,
me = λ
2
C〈H〉(λ1 + λ2λ2C + λ3λ2C),
mµ = λ
2
C〈H〉(λ1 + ω2λ2λ2C + ωλ3λ2C),
mτ = λ
2
C〈H〉(λ1 + ωλ2λ2C + ω2λ3λ2C), (16)
where the 〈ηi〉/Λ ∼ λ2C is considered. In general the
coupling constants λi are complex, so the three lepton
masses with required hierarchy can be realized. For in-
stance, with λ1 ≃ O(0.1) and λ2 = λ†3 ≃ −1.12 + 1.7i,
one finds me = 0.5 MeV, mµ = 0.1 GeV, and mτ = 1.78
GeV.
Fields Q¯1 Q¯2 Q¯3 uR cR tR dR sR bR η3
∆(27) 15 18 12 19 14 13 12 11 13 14
Z3 ω ω
2 ω2 1 ω ω ω2 1 ω2 ω
Z4 1 −1 1 1 −1 1 −1 1 −1 −1
TABLE II: Field transformations under ∆(27), Z4 and Z3 in
the quark sector.
For completeness, we briefly discuss the quark sector.
In Table II we present the charge assignments of up and
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FIG. 1: The variation of the parameters s13 and D23 with
respect to the mass scale associated with the µ term are dis-
played.
down quarks under ∆(27), Z4 and Z3 symmetries. We
also include an extra singlet η3 which is necessary for
building consistent quark mass matrices. The invariant
Lagrangian of up-quarks under the above symmetries, up
5to operators suppressed by 1/Λ4, are given by:
Lu = h
u
11
Λ2
Q¯1H˜uRη
2
1η
†
2
+
hu12
Λ2
Q¯1H˜cRη2η3+
hu13
Λ4
Q¯1H˜tRη
2
3η
†
2
η21
+
hu21
Λ2
Q¯2H˜uRη
2
1η
†
3
+
hu22
Λ
Q¯2H˜cRη
†
2
+
hu23
Λ2
Q¯2H˜tRη3η
2
1
+
hu31
Λ2
Q¯3H˜uRη
†2
3
+
hu32
Λ3
Q¯3H˜cRη
†
3
η†
2
η†
2
1
+hu33Q¯3HtR .(17)
After the spontaneous symmetry breaking, the up-type
mass matrix takes the form as
mu = 〈H〉hu33


aλ6C λ
4
C λ
10
C
λ6C λ
2
C λ
6
C
λ4C λ
8
C 1

 . (18)
where a =
hu
11
hu
33
∼ O(0.1). The left handed rotation re-
quired to diagonalize this matrix is given by,
V uL =


−0.998 0.048 0
0.048 0.998 0.0001
0 −0.0001 1

 , (19)
with the corresponding eigenvalues
Mu = diag(λ
7
C , λ
2
C , 1)〈H〉hu33 GeV. (20)
Therefore with hu33 of order unity, we can explain the
order of magnitude of the up quark masses [12].
Similarly, the down mass matrix can also be obtained
from the following Lagrangian,
Ld = h
d
11
Λ3
Q¯1HdRη
2
3η1+
hd12
Λ3
Q¯1HsRη2η
2
3+
hd13
Λ4
Q¯1HbRη1η
†
2
η23
+
hd21
Λ3
Q¯2HdRη1η2η3+
hd22
Λ2
Q¯2HsRη
†
2
η3+
hd23
Λ2
Q¯2HbRη3η1
+
hd31
Λ2
Q¯3HdRη2η
†
1
+
hd32
Λ2
Q¯3HsRη
†2
1
η†
2
+
hd33
Λ
Q¯3HbRη
†
1
.(21)
After the spontaneous symmetry breaking, the down
mass matrix takes the form,
md = 〈H〉hd33λ2C


λ4C λ
4
C λ
6
C
λ4C bλ
2
C λ
2
C
λ2C λ
4
C 1

 , (22)
where b =
hd
22
hd
33
∼ O(0.2) is considered so as to get the
eigenvalues Md = (λ
4
C , λ
3
C , 1)λ
2
C〈H〉hd33 GeV. Here also,
with hd33 of order one, the order of magnitude estimate of
the down quark mass hierarchies [12] can be explained.
The left handed rotation of the matrix md is found to be
V dL =


0.963 −0.267 0.00023
−0.267 −0.962 0.048
0.012 0.047 0.998

 . (23)
Thus, the VCKM is found out to be ,
VCKM = V
u†
L V
d
L =


−0.975 0.22 0.002
−0.22 −0.974 0.048
0.012 0.046 0.998

 . (24)
So it is clear that a close to correct VCKM [12] can be
obtained from our framework by tuning the coupling in-
volved in Eq.(17) and Eq.(21).
In conclusion, we have developed a flavor symmet-
ric approach to realize the neutrino masses and mixing
through the inverse seesaw mechanism. The flavor sym-
metry consists of a non-abelian ∆(27) group as well as
two other discrete symmetries Z4 and Z3. We have also
imposed a 2-3 symmetry on the Largangian (in the lep-
ton sector), the breaking of which plays instrumental role
in realizing the deviation from a TBM structure. The in-
verse seesaw mechanism is characterized by a small lep-
ton number violating Majorana mass term µ, while the
effective light neutrino mass is mν ∝ µ. Therefore in the
2−3 symmetric limit, one obtained a zero neutrino mass.
By breaking this 2-3 symmetry in the vacuum alignment
of the flavon σ which generates the µ term, we find that
the neutrino mass is generated and deviation from the
TBM mixing is achieved simultaneously. This is a new
result from the point of view of showing that the µ mass
term which violates the lepton number has the same ori-
gin as the deviation from the TBM limits. Within this
model, the mass hierarchies in the charged lepton sector
are also obtained. Finally we are able to show that a
mere addition of single flavon (η3) along with those are
already present in constructing the lepton sector can ex-
plain the up and down sector mass hierarchies as well as
a close to the correct VCKM for some natural values of
the parameters involved in the model.
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